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This  is  a  final  report  for  research  provided  to  the  Optical  Techniques 
Branch,  Code  6570  at  NRL.  It  explains  briefly  the  areas  and  the  nature  of 
the  research  provided.  Attached  papers  give  details  of  the  research  that 
has  taken  place  under  this  contract.  Major  accomplishment  to  aid  this  research 
was  the  design  and  fabrication  of  optical  drawers,  design  and  installation 
of  an  optical  absorption  test  stand,  a  chemical  vapor  deposition  laboratory, 
and  materials  preparation. 


2.0  MATERIALS  PREPARATION 


Advancements  have  been  concerned  with  the  preparation  of  fluoride 
glasses  for  ultra  low  loss  fibers.  Composition  for  cone  and  cladding  glasses 
have  been  further  enhanced  to  provide  increased  resistance  to  devitrification 
in  synthesis  and  subsequent  processing.  Reproducible  procedures  for  the  pre¬ 
paration  of  pure  fluorides  of  girconium,  barium,  lithium,  aluminum,  lanthanum, 
and  lead  were  obtained. 


Additional  work  was  concerned  with  further  removal  of  oxygen  from  these 
materials  and  the  simplification  of  some  of  the  extended  procedures  now  being 
employed. 


3.0  FIBER  PREPARATION 


An  optical  fib$r  drawing  laboratory  for  the  silica  based  glass  has  been 
set  up.  XI included $he  design  and  fabrication  of  a  draw  tower  (Figure  1) , 
installation  of  a  Lepel  induction  furnace  as  a  heat  source  and  integration  of  a 
closed  loop  feedback  control  system. 

An  infrared  fiber  drawing  apparatus  has  been  designed  and  fabricated 
(Figure  2).  Interfacing  was  not  completed  at  the  termination  of  the  contract 
performance  period. 

Design  of  a  modified  chemical  vapor  deposition  (MCVD)  system  was 
completed.  All  major  components  were  at  NRL  awaiting  assembly  and  integration. 

4.0  CHARACTERIZATION  OF  GLASSES  AND  FIBERS 

A  laboratory  has  been  established  dedicated  to  the  measurement  and 
characterization  of  the  optical  properties  of  bulk  and  fiber  samples  of  glass, 
especially  the  new  infrared  transmitting  glass  being  developed  at  NRL.  These 
properties  include  the  total  loss  of  the  fibers,  absorption  and  scattering  loss 
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(A) —  Preform  feed 
mechanism 
(  B  )  **.•*  Furnace 

(C)  —  LaserMilce 

(D) -  -  Resin  appli¬ 

cator 

Ce) —  UV  system 
(F) —  Fiber  vinder 


of  bulk  and  fiber  samples,  refractive  index,  fiber  numerical  aperture,  and 
radiation  hardness.  In  support  of  these  objectives,  the  laboratory  contains 
a  number  of  new  pieces  of  equipment.  A  diagram  of  the  laboratory  is  shown 
in  Figure  3.  In  air-floatation  optical  table  supports  the  experiments.  A 
separate  table  containes  the  computer,  printer,  and  plotter,  as  well  as  a 
lock-in  amplifier.  A  cabinet  contains  many  optical  components  and  other 
equipment.  The  room  also  contains  a  new  state-of-the-art  infrared  spectrophoto¬ 
meter.  Lasers  in  use  include  a  large  Nd:Yag,  argon-ion,  and  HeNe. 

A  new  experimental  test  stand  has  been  designed  and  installed  to  measure 
the  total  loss  of  optical  fibers,  especially  in  the  infrared  region  of  the 
spectrum.  The  system  consists  of  a  very  intense  infrared  source  (a  Nernst 
glower) ,  and  a  very  sensitive  cooled  detector.  A  block  diagram  of  the  apparatus 
is  shown  in  Figure  4.  The  system  is  being  routinely  used  to  characterize  glass 
fibers.  In  addition,  the  scattering  loss  of  the  fibers  is  measured  with  a  test 
system  consisting  of  an  integrating  sphere  detector  and  an  argon-ion  laser. 

The  infrared  absorption  of  bulk  samples  of  glass  has  been  measured 
using  laser  calorimetry.  The  spectral  range  spans  the  visible  through  infrared 
using  several  types  of  lasers.  This  technique  has  been  extended  to  glass  fibers 
by  using  an  interferometric  method  to  detect  thermal  expansion  of  the  fiber. 

A  diagram  of  this  system  is  shown  in  Figure  5. 

In  addition  to  the  above,  a  study  has  been  completed  on  the  Raman 
spectra  of  irradiated  glass.  This  study  has  been  useful  in  determining  the 
damage  effect  of  the  radiation  on  the  glass. 

5.0  SCIENTIFIC  DOCUMENTATION 

Reprints  of  technical  publications  that  have  resulted  from  this  work 
begin  on  page  8.  These  papers  give  details  of  the  research  that  has  taken 
place  under  this  contract. 
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There  has  recently  been  nuch  interest  shown  in  fluorozirconate  glasses  due  to 
their  wide  optical  transmission  range,  and  possibly  very  low  loss  in  the 
mid-infrared  region  of  the  spectrum.  In  addition,  these  glasses  can  be  pulled 
into  fibers  of  extended  lengths.  We  have  measured  the  optical  properties  of 
sairples  of  both  bulk  and  fiber  fluorozirconate  glass  in  the  ZrFij  -  BaFp  -  LaFo  - 
AJIF3  -  LiF  system.  These  properties  include  the  absorption  in  bulk  sairples,  fiber 
total  loss  spectra,  fiber  scattering  loss,  radiation  effects,  and  Raman  spectra. 

The  absorption  of  bulk  sairples  in  the  transparent  region  was  determined  using 
laser  calorimetry.  At  .63  microns,  the  absorption  was  found  to  be  1400  dB/km, 
probably  due  to  transition  metal  impurities.  The  absorption  at  3.^  microns  was 
1600  dB/km,  due  to  water  lrrpurity. 

Fibers  were  pulled  from  the  bulk  glass  having  a  diameter  of  about  100  microns 
and  a  length  of  several  hundred  meters.  The  total  loss  of  the  fibers  was  measured 
with  the  experimental  set-up  shown  in  Figure  1.  Chopped  infrared  radiation  from  a 
Nernst  glower  passed  through  a  monochromator  and  order  blocking  filters.  The 
radiation  was  focused  onto  the  fiber  with  concave  mirrors  having  an  N.A.  of  .1. 

The  radiation  from  the  output  end  of  the  fiber  was  detected  with  a  cooled  InSb 
detector,  and  the  signal  passed  through  a  low-noise  preamp  and  into  a  lock-in 
anplifier.  The  cut-back  method  was  used  to  determine  the  fiber  loss.  The  loss 
spectrum  for  a  typical  fiber  is  shown  in  Figure  2.  The  water  peak  at  2.8  microns 
is  evident.  The  scattering  component  of  the  total  loss  was  measured  using  an 
integrating  sphere.  These  results,  as  well  as  the  absorption  data  from  laser 
calorimetry  on  bulk  sairples,  are  also  shown  in  Figure  2. 

To  determine  the  effect  of  ionizing  radiation  on  the  glass,  bulk  samples  were 
irradiated  at  a  dose  of  10?  rads  (Si)  by  a  °®Co  source.  The  irradiated  sairples 
had  a  light  tan  color,  although  no  change  in  their  infrared  transmission  was  seen. 
The  u.v. ,  visible,  and  infrared  transmission  spectra  of  the  irradiated  samples  are 
shown  in  Figures  3  and  4.  The  u.v.  edge  can  be  seen  to  shift  towards  longer 
wavelengths  with  increasing  dosage.  Laser  calorimetry  at  3*4  microns  indicated  no 
change  in  the  infrared  absorption  for  the  irradiated  sample.  The  Raman  spectrum 
of  the  irradiated  sample  is  shown  in  Figures  5  and  6.  The  main  peak  at  579  crrH- , 
due  to  ZrFij  stretching  vibrations,  is  unchanged  by  the  irradiation.  However,  the 
low  frequency  modes  are  intensified,  probably  due  to  some  structural  damage 
occurring  in  the  glass  network. 
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ABSTRACT 

Optical  fibers  in  lengths  approaching  1  km  have  been  prepared  for  the  first 
time  from  a  ZrF4-BaF2-LaF3-A£F3-LiF-PbF2  glass  system  having  improved  viscosity- 
temperature  characteristics.  Fiber  drawing  techniques  and  experimental  optical 
attenuation  data  are  reported. 

This  paper  would  not  be  appropriate  for  a  poster  session. 


PREPARATION  AND  CHARACTERIZATION  OF  ZIRCONIUM  FLUORIDE  BASED  GLASS  FIBERS 

D.  C.  Tran,  R.  J .  Ginther,  G.  H.  Sigel,  Jr.,  and  K.  H.  Levin 

Naval  Research  Laboratory 
Code  6570 

Washington,  DC  20375 
(202)767-3487 

Among  all  infrared  transmitting  materials,  ZrF$  based-glasses  seem  very 
promising  for  the  preparation  of  ultra  lov  loss  fiber  waveguides  slnee  they 
exhibit  a  potential  loss  as  low  as  10"2  dB/km  at  4.4  pm,  and  appear  to  possess 
adequate  mechanical  properties,  chemical  stability  and  environmental 
resistance. ^ For  long  distance,  repeaterless  data  links  for  communications,  it 
is  essential  that  these  glasses  can  be  drawn  into  fibers  of  extended  lengths. 

Earlier  attempts  on  fiber  draw  using  a  57.5  ZrF4~33.5  BaF2-5.5  LaFj-3.5 
A/F3  glass  composition  often  resulted  in  devitrification  which  is  largely  due  to 
a  narrow  working  range  and  a  steep  viscosity-temperature  profile.  This  paper 
will  discuss  compositional  modifications  which  have  been  successful  in 
developing  glasses  which  exhibit  excellent  fiber  drawing  characteristics.  As 
shown  in  Fig.  1,  the  addition  of  LiF  to  the  above  system  still  results  in  a  high 
activation  energy  for  viscous  flow  of  about  171  kcal/mole  although  the  glass 
transition  temperature  is  substantially  lowered.  The  addition  of  PbF2  on  the 
other  hand,  gives  rise  to  a  sharp  drop  in  activation  energy  to  88  kcal  thus 
decreasing  significantly  the  slope  of  the  viscosity-temperature  profile.  The 
presence  of  PbF2  further  extends  the  glass  working  range  by  lowering  the  glass 
softening  point  from  ~  300°C  to  ~  283°C.  Using  the  PbF2  doped  glass,  high 
quality  fibers  of  extended  lengths  reaching  1  km  have  been  drawn  for  the  first 
time.  X-ray  diffraction  methods  reveal  no  evidence  of  crystallization  in  fibers 


so  prepared.  The  improved  viscosity-temperature  characteristics  of  the  newly 
developed  glass  compositions  have  made  it  possible  to  employ  a  crucible  drawing 
technique  rather  than  the  preform  approach  which  is  less  attractive  for 
continuous  fiber  drawing.  The  fiber  drawing  apparatus  is  illustrated  in  Fig.  2. 
It  consists  of  a  specially  designed  Engelhard®  platinum  crucible  with  a  tapered 
down  bottom;  the  crucible  is  contained  inside  a  fused  silica  tube  which  Is 
placed  in  an  enclosed  furnace;  the  furnace  is  continuously  purged  with  dry 
Argon.  Cullets  of  glass  are  charged  into  the  crucible  and  are  preheated  at 
150°C  prior  to  being  drawn  into  fibers  at  around  the  softening  point. 

Absorption  and  scattering  data  for  both  the  bulk  glass  and  optical  fibers  will 
be  presented  and  interpreted.  This  will  include  both  laser  calorimetric  and 
spectrophotometric  results. 
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OPTICAL  PROPERTIES  OF  FIBER  AND  BULK  ZIRCONIUM  FLUORIDE  GLASS 


K.  H.  Levin,  D.  C.  Tran,  R.  J.  Ginther  and  G.  H.  Sigel,  Jr. 
Naval  Research  Laboratory 
Washington,  DC  20375 


ABSTRACT 

The  optical  properties  of  bulk  samples  as  well  as  cladded  and  uncladded 
fibers  of  zirconiun  fluoride  based  glass  have  been  measured.  The  loss 
mechanisms  of  the  fibers  are  compared  to  those  of  the  bulk  glass.  In 
particular,  the  scattering  loss  of  our  bulk  samples  was  found  to  be  very  low, 
and  followed  a  X-4  wavelength  dependence. 
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OPTICAL  PROPERTIES  OF  FIBER  AND  BULK  ZIRCONIUM  FLUORIDE  GLASS 

K.  H.  Levin,  D.  C.  Tran,  R.  J.  Ginther  and  G.  H.  Sigel,  Jr. 

Naval  Research  Laboratory 
Washington,  DC  20375 

There  has  recently  been  much  interest  shown  in  zirconiun  fluoride  based 
glasses  due  to  their  wide  optical  transmission  range,  and  possibly  very  low 
loss  in  the  mid-infrared  region  of  the  spectrun.1  In  addition,  these  glasses 
can  be  pulled  into  fibers  of  extended  lengths.2  We  have  measured  the  optical 
properties  of  samples  of  both  bulk  and  fiber  zirconium  fluoride  glass.  These 
properties  include  the  refractive  index,  absorption  and  scattering  in  bulk 
samples,  fiber  total  loss  spectra,  fiber  scattering  loss,  and  radiation 
effects.  Fibers  were  pulled  from  the  bulk  glass  using  both  the  single 
crucible  technique  (which  produced  uncladded  fibers),  and  from  preform  rods 
(which  produced  glass  cladded  fibers) . 

The  basic  glass  composition  was: 

53.0  ZrF4  19.0  BaF2  -  5.0  LaF3  -  3.5  A*F3  -  19.4  LiF  (mole  X).  To  this  was 
added  various  amounts  of  PbF2.  The  glass  was  synthesized  using  all  reagent 
grade  component  fluorides  with  some  ammonium  bifluoride.  Melting  was  carried 
out  in  platinum  crucibles  loosely  covered  with  pTatinun  foil,  under  a  dry 
argon  atmosphere.  The  glass  was  melted  at  800°C  for  1  hour  and  subsequently 
was  annealed  at  250°C  inside  the  melting  crucible.  The  glass  has  a  high 
activation  energy  for  viscous  flow,  indicating  a  high  degree  of 
polymerization. 3  Glass  containing  about  5%  PbF2  was  used  for  the  core  glass 
of  the  fibers,  and  glass  without  PbF2  was  used  for  the  cladding  glass.  These 
two  glasses  show  similar  thermal  expansion  coefficients. 


For  the  glass  containing  5%  PbF2  the  expansion  coefficient  is  1.34  x  10_5/°C 
and  the  glass  without  PbF2  has  an  expansion  coefficient  of  1.41  x  10-5/°c.4 
The  refractive  index  spectra  for  the  bulk  samples  were  determined  by 
measuring  the  refraction  of  a  laser  beam  through  prisms  of  the  glasses.  These 
results  are  shown  In  Figure  1.  The  upper  curve  shows  the  index  of  the  glass 
containing  about  5 %  PbF2*  The  index  in  the  visible  region  is  about  1.530, 
dropping  to  about  1.500  at  3  microns.  The  lower  curve  shows  the  index  of  the 
glass  without  PbF2*  The  index  is  about  1.515  in  the  visible,  dropping  to 
about  1.485  at  3  microns.  The  middle  curve  shows  the  index  of  a  glass 
containing  an  Intermediate  amount,  about  3.7%,  of  PbF2-  The  index  difference 
between  the  core  glass  (5%  PbF2)  and  the  cladding  glass  (no  PbF2)  is  about  1%, 
corresponding  to  a  fiber  N.A.  of  .20.  This  is  a  relatively  high  value,  and 
should  be  compared  to  an  N.A.  of  .123  obtained  by  varying  the  BaF2  content. 5 
Uncladded  fibers  were  pulled  from  the  core  glass  using  the  single 
crucible  technique.  The  fibers  had  a  diameter  of  about  TOO  microns  and 
lengths  of  up  to  1000  meters.  Glass  cladded  fibers  were  pulled  from  the  core 
and  cladding  glasses  using  the  preform  technique.  These  fibers  also  had  a 
diameter  of  about  100  microns  and  lengths  of  up  to  30  meters.  The  total  loss 
of  these  fibers  was  measured  with  the  experimental  set-up  shown  In  Figure  2. 
Chopped  infrared  radiation  from  a  Nernst  glower  passed  through  a  monochromator 
and  order  blocking  filters.  The  radiation  was  focused  onto  the  fiber  using 
concave  mirrors,  with  a  launch  N.A.  of  .03.  The  radiation  from  the  output  end 
of  the  fiber  was  detected  with  a  cooled  InSb  detector,  and  the  signal  passed 
through  a  low  noise  pre-amp  and  into  a  lock-in  amplifier.  The  cut-back  method 
was  used  to  determine  the  fiber  loss.  The  results  from  these  measurements  are 
shown  by  the  upper  curves  in  Figure  3.  Both  the  cladded  and  uncladded  fibers 
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showed  very  high  losses  of  about  10  dB/meter.  The  peak  due  to  water  impurity 
corresponds  to  about  6  ppm  of  water,  as  determined  by  using  the  absorption 
coefficient  of  OH  in  silica  based  glass  as  a  reference.  The  fibers  also 
showed  a  large  amount  of  scattering.  It  should  be  emphasized  that  no  attempt 
has  been  made  so  far  to  purify  the  glass  or  reduce  the  scattering. 

The  scattering  loss  of  the  cladded  fibers  was  measured  using  an 
integrating  sphere  detector  and  an  argon-ion  laser.  The  results  are  shown  in 
Figure  3.  The  scattering  loss  is  very  high,  around  100  dB/meter  in  the 
visible  region,  and  has  an  inverse  square  wavelength  dependence.  The 
scattering  is  probably  due  to  phase  separation  occuring  during  the  fiber 
drawing  process  due  to  inadequate  temperature  control.  As  shown  in  Reference 
6,  scattering  centers  whose  size  is  large  conpared  to  the  wavelength  but 
having  an  index  similar  to  that  of  the  surrounding  glass  (such  as 
microcrystallites)  would  be  expected  to  result  in  a  scattering  loss  with 
the  observed  wavelength  dependence. 

In  order  to  better  understand  the  loss  mechanisms  of  the  fibers,  the 
absorption  and  scattering  losses  of  bulk  samples  were  measured.  The 
absorption  was  determined  using  laser  calorimetry,  and  these  results  are  shown 
In  Figure  3.  In  the  visible  region,  the  absorption  loss  is  several  decibels 
per  meter,  due  to  the  strong  absorption  bands  that  the  transition  metal 
impurities  show  in  this  spectral  region.  The  loss  drops  to  about  .6  dB/meter 
at  1.06  microns,  and  increases  again  at  3.4  microns  due  to  water  impurity. 

The  concentrations  of  the  main  transition  metal  impurities  in  our  glass  are 
also  shown  In  Figure  3.  The  concentrations  of  Ni  and  Cr  were  estimated 
using  the  results  of  Reference  7  for  the  absorption  coefficients  of  transition 
metal  impurities  in  fluoride  glass.  The  concentrations  of  Cu,  Fe,  and  Ce  were 
determined  using  d.c.  plasma  emission  spectroscopy.  The  impurity  levels  are 


19 


all  several  parts  per  million;  however,  no  attempt  has  been  made  so  far  to 
purity  our  glass,  which  used  reagent  grade  starting  materials. 

The  scattering  loss  of  bulk  samples  was  measured  using  an  argon-ion  laser, 
a  HeNe  laser,  and  a  silicon  photodiode  detector.  The  laser  beam  was 
focused  into  the  sample  and  positioned  so  as  to  avoid  passing  through  the  few 
small  inclusions  present  in  the  sample.  The  scattering  from  a  small  solid 
angle  was  detected  at  an  angle  of  90“  to  the  incident  laser  beam,  and  the 
equations  given  in  Reference  8  were  used  to  calculate  the  total  scattering 
loss.  The  scattering  loss  for  pure  fused  silica  (Suprasil  1)  was  also 
measured  for  comparison.  The  results  shown  in  Figure  4  are  for  a  sample 
containing  no  PbF2-  The  loss  at  .6328  microns  is  4.4  d3/km,  and  the 
depolarization  ratio  is  about  .20.  This  loss  is  more  than  an  order  of 
magnitude  lower  than  previously  reported  values  for  zirconium  fluoride  based 
glass,5  and  comparable  to  the  loss  of  fused  silica,  although  slightly  greater 
than  the  theoretical  predictions.9  The  loss  follows  a  X"4  wavelength 
dependence,  typical  of  Rayleigh  scattering.  At  4  microns,  where  the  minimum 
of  the  total  loss  is  expected  to  occur,  the  extrapolated  scattering  loss  is 
2.8  x  10”3  dB/km.  These  results  indicate  that  the  high  scattering  loss  seen 
in  the  fibers  is  introduced  during  the  fiber  drawing  process. 

For  most  applications,  it  is  sufficient  that  a  glass  show  high 
transmission  only  in  Its  natural  state.  However,  for  some  applications  it  is 
also  necessary  that  the  glass  show  high  transmission  after  being  exposed  to 
high  doses  of  Ionizing  radiation.  To  determine  the  radiation  hardness 
properties  of  our  glass,  bulk  samples  were  irradiated  at  a  dose  of  107  rads 
(Si)  by  a  50Co  source.  The  Irradiated  samples  had  a  light  tan  color,  although 
no  change  In  their  infrared  transmission  was  seen.  The  u.v.,  visible,  and 
infrared  transmission  spectra  of  the  irradiated  samples  are  shown  in  Figure  5. 
In  contrast  to  silica  based  glasses  which  show  absorption  peaks  when  exposed 


to  irradiation  due  to  color  centers,  the  zirconiim  fluoride  glass  shows  a 
shift  of  its  u.v.  edge  towards  longer  wavelengths  with  increasing  dosage. 

This  shift  is  less  pronounced  for  glass  without  PbF2,  and  is  the  least  for 
glass  containing  5"  CeFg,  as  can  be  seen  in  Figure  6.  Laser  calorimetry  at 
3.4  microns  indicated  no  change  in  the  infrared  absorption  for  the  irradiated 
sample,  although  data  from  irradiated  fibers  is  needed  to  determine  the  true 
radiation  hardness  properties  of  the  glass.  The  Raman  spectra  of  the 
irradiated  glass,  which  indicates  some  structural  damage,  is  given  in 
Reference  10. 

In  conclusion,  we  have  produced  substantial  lengths  of  both  cladded  and 
uncladded  fiber  from  zirconiun  fluoride  based  glass.  Although  the  total  loss 
for  the  fibers  is  relatively  high  at  the  present  time,  we  believe  that  better 
temperature  control  during  fiber  drawing  and  purification  of  the  starting 
materials  will  result  in  low  loss  fibers.  The  low  scattering  loss  measured  in 
the  bulk  samples  indicates  potentially  very  low  fiber  loss  in  the  infrared. 
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FIGURE  CAPTIONS 


Figure  1  Refractive  index  spectra  of  zirconium  fluoride  based  glasses. 

Figure  2  IR  fiber  spectral  loss  measurement  system. 

Figure  3  Loss  spectra  for  zirconium  fluoride  glass  fibers. 

Figure  4  Scattering  loss  spectrum  for  bulk  zirconium  fluoride  glass. 

Figure  5  Absorption  spectra  of  irradiated  zirconiun  fluoride  glass. 

Figure  6  UV  edge  of  irradiated  zirconiun  fluoride  glasses. 
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RAMAN  SPECTRUM  OF  IRRADIATED  FLUORIDE  GLASS 


K.  H.  Fiedler,*  K.  H.  levin,**  and  D.  C.  Than 
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Washington,  D.  C.  20375 


Abstract 


The  Raman  spectra  have  been  measured  for  both  Irradiated  and  unirradiated 
samples  of  zirconiun  fluoride-based  glass.  The  spectrum  of  the  irradiated  sanple 
shored  several  new  bands  and  an  intensification  of  weak  bands  in  the  lew  frequency 
region  suggesting  that  some  structural  damage  of  the  glass  network  due  to  the 
irradiation  had  occurred. 


*  Georgetown  University 
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I.  INTRODUCTION 


There  has  recently  been  iruch  interest  shown  in  the  fluoride  glasses  due  to 
their  wide  optical  transmission  range,  and  possibly  very  low  loss  in  the 
mid-infrared  region  of  the  spectrum. ^  Of  particular  interest  are  the  zirconium 
fluoride-based  glasses,  which  recently  have  been  shown  capable  of  being  pulled 
into  fibers  of  extended  lengths. ^  The  structure  of  these  glasses,  as  determined  by 
infrared  and  Raman  spectra,  is  believed  to  consist  of  crossl inked  polymen-like 
chains,  with  most  of  the  fluorine  atoms  occupying  non-bridging  positions  in  the 
chains. 3  As  is  known  from  studies  on  silica-based  glasses,1*  irradiation  can 
cause  changes  in  the  optical  absorption  and  structure  of  the  glass.  In  this 
paper,  we  have  used  Raman  scattering  to  determine  the  effect  of  irradiation  on  the 
structure  of  zirconlun  fluoride-based  glass.  The  results  of  infrared  transmission 
measurements  on  irradiated  samples  will  be  reported  elsewhere.  5 
II.  EXPERIMENTAL 

Raman  scattering  spectra  were  taken  of  irradiated  and  unirradiated  sanples 
of  fluoride  glass  having  the  following  conposition: 

53.0  ZrPij  -  19-0  BaF2  -  5-0  IaP3  -  3.5  AIF3  -  19.5  LIP  (mole  %).  The  glass 
was  synthesized  using  all  reagent  grade  conponent  fluorides  with  some  ammonium 

«  v 

bJLfluoride.  Melting  was  carried  out  in  platinum  crucibles  loosely  covered  with 
platlnun  foil,  under  a  dry  argon  atmosphere.  The  glass  was  melted  at  600°C  for 
1  hour  and  subsequently  annealed  at  250°C  inside  the  melting  crucible.  The 
glass  showed  a  high  activation  energy  for  viscous  flow,  indicating  a  high  degree 
of  polymerization.  ^  The  irradiation,  at  a  1  MeV  gamma-ray  dose  of  10?  rads  (Si), 
was  carried  out  using  a  ^®Co  source,  at  a  dose  rate  of  1.2  x  101*  rad/min.  After 
irradiation,  the  sanple  had  a  light  tan  color,  probably  due  to  the  formation  of 
color  centers.1* 


The  Raman  spectra  were  obtained  using  a  Spex  IkOl  double  monochromator  with 
holographic  gratings  peaked  for  performance  between  600  and  800  nm.  The  detector 
was  a  cooled  photonultiplier  tube  used  together  with  a  Spex  DPC  2  photon  counting 
equipment.  The  Spex  double  monochromator  was  automated  with  an  Intel  digital 
microprocessor  interfaced  to  a  Digital  VT/78  video  data  miniconputer.  The  light 
from  an  Argon  ion  laser  (Coherent  Radiation  CR-2:  Wavelength  514*5  nm,  power 
800  mV/)  was  focused  on  the  sanples  and  the  180°  backscattered  light  was  collected. 
This  technique  had  to  be  used  because  the  samples  showed  quite  different  features 

t 

with  respect  to  shape,  surface  condition  and  light  absorption.  All  experiments 
were  performed  using  a  scrambler  in  front  of  the  entrance  slit  of  the  mono¬ 
chrometer  to  eliminate  the  ‘polarization  dependence  of  the  gratings.  Because 
of  the  weak  signals  received  the  spectra  were  recorded  with  fairly  wide  slit 
settings.  The  resulting  resolutions  were  3  cmT1  in  the  low  frequency  region 
(25-185  cm~l)  and  5  cmr^  in  the  frequency  range  150-870  cm-*.  The  Raman  spectra 
were  obtained  by  co-adding  several  runs. 

III.  RESULTS 

Considering  the  chemical  conposition  of  the  examined  sanples  our  Raman 

scattering  results  agree  very  well  with  those  of  Almeida  and  Mackenzie^,  see  Table 

•  % 

1  and  Figures  1  and  2.  The  spectrum  of  the  unirradiated  material  (Figure  2)  shows 

* 

the  conposition  related  very  intense  band  in  the  expected  frequency  range  at  579 
cnr1  with  a  half  width  of  56  cnr*.  This  dominant  band  was  assigned^  to  the  totally 
symmetric  stretching  vibration  vs  (Zr  -  Fnt>)  involving  only  nonbridging  fluorine 
atoms  Fnb.  As  known  from  hydrogen  bonding  in  organic  polymers?  the  stretching 
vibration  frequencies  of  bonds  affected  by  bridging  effects  will  appear  at  lower 
wave  nunbers.  Almeida  et  al.3  assigned  the  band  at  479  cnT*  to  the  symmetric 
stretching  vibration  SS  (Zr  -  Fp)  of  Zr  -  F  -  Zr  bonded  fluorine  atoms  Fb. 

Our  low  frequency  spectrum  of  the  unirradiated  material  (Figure  1)  shows  that  the 
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unassigned  band  near  50  cm-*  3  consists  of  two  sharp  but  weak  bands  at  46  and  49 
cm"*  as  well  as  three  very  weak  bands  at  about  40,  60,  and  75  cmT*. 

The  effects  of  the  gamma  Irradiation  were  mainly  expressed  by  the  appearance 
of  strong  bands  in  the  low  frequency  region  below  100  cm-1.  All  five  bands 
seen  in  the  unlrradlated  glass  are  still  present  in  the  spectrum  of  the  Irradiated 
sample  (Figure  1),  although  their  intensities  have  increased  substantially. 

At  higher  frequencies  above  150  cm"*  (Figure  2)  a  band  at  273  cmr*  —  not 
observed  by  Almeida  et  al.3  —  is  no  longer  present  in  the  spectrum  of  the 
irradiated  glass.  Which  shows  new  bands  centered  at  192  and  260  cm~^-.  'The  dominant 
bands  at  479  and  581  cnf^  show  the  same  relative  intensities  as  for  the 
unlrradlated  sanple.  *  - 

» 

IV.  CONCLUSION 

The  intensification  of  weak  bands  and  the  appearance  of  new  bands  for  the 
irradiated  sanple  suggest  that  some  structural  damage  of  the  glass  network  has 
occurred.  Die  dramatic  difference  between  the  spectra  below  100  cm-1  of  the 
unlrradlated  and  irradiated  materials  can  be  interpreted  as  an  activation  process 
of  localized  modes  which  possibly  are  skeletal  and  libratlonal  vibrations  of  the 
polymer-like  chains  broken  by  the  irradiation.  Localization  of  low  frequency 
modes  is  also  seen  in  neutron  irradiated  silica  glass. 8-  Additional  research  on 
materials  with  systematically  varied  compositions  as  well  as  different  degrees  of 
irradiation  will  give  important  information  about  the  nature  of  the  irradiated 
network. 
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Band  frequencies  and  intensities  of  the  unirradiated 
and  irradiated  fluoride  glass. 
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Nomenclature:  v-frequency  in  cm-1;  s-strong; 
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Figure  1: 


Figure  Captions 

Low  frequency  F&man  spectra  of  irradiated  and  unirradiated 
fluoride  glass. 


Figure  2: 


High  frequency  Raman  spectra  of  irradiated  and  unirradiated 
fluoride  glass. 
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PULSE  BROADENING  IN  OPTICAL  FIBERS 


Herbert  B.  Rosenstock* 
Naval  Research  Laboratory 
Washington,  DC  20375 


ABSTRACT 


A  light  pulse  transmitted  through  a  fiber  will  spread  even  if  the 
source  is  perfectly  monochromatic  and  even  if  the  fiber  is  thin  enough 
to  transmit  one  mode  only.  The  effect  can  be  attributed  to  the  extended 
frequency  spectrum  that  is  associated  with  a  finite  pulse. 

Here,  this  effect  is  analyzed  mathematically.  We  wind  up  with  a 
relation  between  the  initial  pulse  width  x  and  the  maximum  range  of 


transmission  L*  in  the  form 


L*  -  a  t2 


where  a  depends  on  the  physical  parameters  of  the  problem.  This  implies 
that  maximizing  the  amount  of  information  transmitted,  which  demands 
keeping  t  small,  precludes  maximizing  the  transmission  distance.  One 
numerical  example  suggests  that  with  a  bit-rate  of  10  gigahertz,  the 
transmission  range  is  limited  to  100  kilometers. 


Sachs/Freeman  Associates,  Bowie 
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I.  Introduction 


Light  pulses  transmitted  through  an  optical  fiber,  like  all  signals  used 
for  communication,  deteriorate  with  distance.  There  are  at  least 
three  reasons  for  this: 

1.  Multiple  modes.  Different  waveguide  modes  travel  at  different 
speeds,  and  the  total  pulse  is  therefore  distorted  (spread  out) 
as  It  moves  down  the  fiber. 1 

2.  Finite  llnewldth.  Different  frequencies  contained  in  the  light 
source  travel  at  different  speeds,  details  depending  a)  on  the 
optical  properties  of  the  fiber  material,  and,  b)  on  the  radius 

j  of  the  fiber.  This  again  results  in  distortion  of  the  total 

pulse. 2 

3.  Finite  pulsewidth.  A  pulse  of  light  —  as  contrasted  to  a  wave 

I  train  extending  in  time  from  -<*>  to  •  —  is  equivalent  to  many 

frequencies.  This  is  the  true  even  if  the  original  source  is 

t 

i  is  monochromatic.  As  in  mechanism  2  above,  these  frequencies 

travel  at  different  speeds,  causing  distortion. 

Mechanisms  1  and  2  have  been  amply  studied, but  mechanism  3, 
though  well  known  from  other  physical  applications  of  wave  propagation, 5 
has  apparently  not  been  discussed  in  detail**  in  relation  to  fiber 
optics.  It  is  the  subject  of  this  paper. 

In  Section  II,  the  simple  theory  is  presented,  resulting  in  a 
formal  expression  for  the  pulse  shape  at  any  point  in  terms  of  the  pulse 
shape  at  the  origin.  In  Section  III,  this  is  evaluated  for  a  Gaussian 
pulse,  the  only  shape  for  which  we  were  able  to  obtain  an  analytical 
solution.  The  practical  implications  of  this  solution  are  discussed  in 
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Section  IV*  Section  V  discusses  other  pulse  shapes  and  relates  their 
properties  to  those  of  the  Gaussian  previously  solved.  Results  are 
summarized  in  Section  VI. 

II.  Theory 

We  consider  a  signal  of  the  form 

■?(*)=  VU) 


where  v0  Is  the  frequency  produced  by  our  light  source  (laser)  and  P(t)  is  a 
pulse,  centered  about  t-0  and  small  for  |t|<T.  t  may  be  called  the  pulse 
width.  The  reader  may  want  to  glance  at  Figure  1  for  examples  of  P(t)  we  will 
consider  later  in  detail-.  Since  f(t)  does  not  extend  uniformly  from  t-  -*•  to 
•t  it  is  not  a  plane  wave;  but  according  to  Fourier's  theorem  It  can  be 
expanded  In  plane  waves. 


?(t) 


where  g(v)  can  be  considered  a  known  function;  it  is  in  fact  given  by 

-Hl-pi 

%  " 


H). 


(3) 


With  the  use  of  (1)  and  the  restriction  that  P(t)  Is  even  about  the  origin 
this  can  be  written 

C&> 


7\o  U ******* 


(4) 


* 

where 

^  'Pc  ,  (5) 


We  insert  the  signal  f(t)  into  a  fiber  and  ask  what  the  signal  will  look  like 
a  distance  L  away.  The  answer  is  obtained  by  replacing  t  in  (2)  by  t-(L/v), 


where  the  velocity  of  propagation  v  Is  given  by 


V-  f  (6) 

c  la  the  speed  of  light  In  vacuuo,  and  the  Index  of  refraction  n(v)  of  the 
aaterlal  that  the  fiber  la  made  of  is  a  function  of  the  frequency  v.  We 
thus  obtain 

9  ( t ,  i>  XI 

for  the  signal  ?(t,L)  that  will  appear  at  point  L  along  the  fiber.  n(v)  can 
presumably  be  measured  and  should  be  considered  known;  It  can  often  be 
adequately  approximated  by  the  linear  expression 

h  (?) '  ne  (\  +  ?s)  (8) 

where  means  n(v0),  and  Y  is  Is  a  constant;  under  these  circumstances  (7) 


and 

-  71*  V  U/c.  (11) 


is  another  constant.  The  case  where  s  in  (8)  is  replaced  by  s?  would  also  be 
of  Interest,  but  is  not  considered  here. 


III.  Gaussian  Pulse 


£ 


G 


The  only  pulse  shape  for  which  we  have  been  able  to  evaluate  (9)  in 
closed  form  is  the  Gaussian, 


V(t)  -  e 


In  that  case  (4)  is 


60- 


-cvtfi.y3' 


and  (9)  becomes 


with 


(12) 


(13) 


(14) 


(15) 


•-1 


The  imaginary  part  of  p  can  be  Ignored  In  the  denominator  of  (14),  where  it 
cannot  affect  the  pulse  shape  but  can  produce  at  most  a  constant 
multiplicative  factor;  but  it  must  be  treated  exactly  in  the  exponent.  Ve 
find 

~(t  "v/p  J  3  _  -it  "/*bT  i  <r  LtVx)^  (16) 

c  -  e  e 


where 


and 


*2  0)  'T  flr  r* 
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(17) 


(18) 


In  (16)  i  we  can  again  Ignore  Che  second  tern,  a  complex  modulating  factor  of 


modulus  unity.  With  these  simplifications,  (14)  becomes 

f  (l ,  L)  =  e : ‘ n *  e"  nr.  (W 

We  can  Ignore  the  difference  between  t" ,  t* ,  and  t  —  they  all  represent  time, 
and  differ  only  In  the  choice  of  origin.  Thus  (19)  looks  very  much  like  the 
Incoming  signal  (1),  (12):  a  Gaussian  modulated  by  a  plane  wave  of  frequency 
vQ.  The  major  difference  Is  that  the  width  of  the  Gaussian  has  increased  from 
T  to *?  given  by  (17). 

IV.  Broadening  with  Distance:  Discussion 

We  have  shown  that  a  Gaussian  pulse  of  Initial  width  t  will  remain 
Gaussian  but  attain  a  width  T  given  by  (17)  and  (18)  after  traveling  a 
distance  L  through  a  fiber;  y  Is  related  to  the  optical  dispersion, 

y  -  %  «o) 


We  see  that  for  small  L,  the  spread  Is  slow,  but  for  large  enough  L  the 
width  becomes  proportional  to  L  itself.  Furthermore,  for  large  L  the  final 
width  T(L)  becomes  Inversely  proportional  to  the  Initial  width  x:  The  final 


pulse  width  is  larger  for  pulses  that  start  out  narrower,  a  result  that  may 


seem  surprising.  The  crossover  point  at  which  two  pulses  Initially  of  width 


Tj_  and  T2  are  equal  In  width  Is  seen  to  occur  at  distance  L 


ycr-tk/an.y 


There  are  several  ways  of  extracting  Information  from  (17),  (18).  The 
easiest  way  Is  to  ask  for  the  distance  L*  in  which  the  wl'dth  will  Increase  by 
a  factor  of  2  ■  1.41.  This  is  seen  from  (17)  to  be  given  by  a  -  1,  or 
according  to  (18), 


(21) 


Roughly  speaking,  L*  is  the  distance  at  which  the  spread  becomes  rapid,  soon 
to  be  intolerable*  Again,  the  appearance  of  on  the  righthand  side  suggests 
that  one  doesn't  accomplish  much  by  making  the  initial  pulse  very  narrow  — 
catastrophic  spreading  will  start  sooner. 

Let  us  work  out  one  numerical  example*  The  following  numbers  have  been 
reported?  for  SIO2  doped  with  4*1  mol  X  Ge(>2  at  a  wavelength  of  k  m  1 
micrometer:  .  ,  .  ,  \  _  — 

He,  -  I*  7>  ^  [An/dJl)  -  '0/2  3 

(22) 

From  the  last  figure  and  our  (20)  it  follows  that  Y  ”  .0123  X/c.  (21)  then 

g1”*  L*  «  t03i 

where  the  pulsewldth  t  is  in  seconds.  So  if  we  take 

7?  -  /0'%ec 

(bltrate  of  1  gigahertz),  we  obtain 

f 

jj*  =  ?000  Km 
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for  the  distance  beyond  which  pulse  spread  Is  unacceptable.  For  a  pulsewldth 


*¥  '  10  *  s«?C 

that  distance  would  be  only 

jL*  $Ok.~  s 

For  halide  glasses  such  as  L1F  or  CsF8  or  KRS-59,  and  at  longer  wavelengths, 

Y  and  also  iIq  are  often  larger  and  L*  therefore  turns  out  to  be  smaller,  by 
factors  ranging  from  2  to  20. 

Another  method  of  analyzing  our  results  (17),  (18)  Is  to  ask  for  the 
initial  width  t  that  is  required  so  that  the  final  width  at  distance  L  should 
not  exceed  a  specified  7.  (It  la,  after  all,  7  at  the  far  end  of  the  fiber 
that  limits  the  amount  of  Information  that  can  be  transmitted,  but  the  Initial 
x  that  can  be  controlled.)  To  answer  this,  we  square  (17),  multiply  by  T2, 
and  solve  the  resulting  quadratic  equation  In  the  variable  t2,  obtaining 

(3  ^  ^  ^  (23) 

\ 


where 


a- 


(24) 


For  the  desired  t  to  be  attainable,  the  solution  bust  be  real;  that  is,  we 
must  have 


Narrower  t  cannot  be  attained  at  L  by  any  initial  width  t,  however  small;  for 
wider  ones,  a  range  of  Initial  widths,  bounded  by  the  two  solutions  of  (23), 
la  allowed.  Furthermore,  equ.  (23)  tells  us  the  Initial  width  needed  to 
attain  this  minimum  possible  width  V2aL  at  L:  It  Is  x  -  *■  ][a. lT  This 

Is  a  design  criterion  that  is  worth  restating  In  words:  If  you  want  to 
transmit  for  a  distance  L,  do  not  decrease  the  initial  pulsewldth  below 

VST. 

As  an  example,  consider  again  the  material  defined  by  the  properties 
(22);  (25)  then  states  that  at  a  distance  L  ■  100  km,  pulsewldths  smaller  than 
0.16  x  10”9  sec  will  be  unattainable  regardless  of  how  small  the  initial 
pulse  may  be. 

V.  Other  Pulse  Shapes 

tfhat  we  should  like  to  do  Is  to  repeat  the  work  of  Sections  III  and  IV 
for  reasonable  pulse  shapes  P(t)  other  than  Gaussian.  To  find  g(v)  by 
evaluating  (4)  Is  usually  easy  enough;  to  carry  out  (9)  and  find  F(t,L)  is 
more  difficult.  In  no  other  case  have  we  succeeded  In  doing  It  analytically. 
However,  (9)  does  allow  us  to  draw  some  qualitative  conclusions  about  F  even 
when  we  cannot  compute  It  explicitly. 

Accordingly,  we  present  in  Figure  1  four  different  pulse  shapes  P(t) 
and  the  corresponding  transforms  g(v).  All  the  P(t)  are  -even  about  the 
origin,  all  share  the  same  (approximate)  halfwldth  t,  and  the  last  of  the  four 
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is  Che  well-discussed  Gaussian.  They  are  arranged  in  increasing  order  of 


" smoothness** :  Che  first  has  dlsconCinuities  in  P(t)  itself,  Che  second  in  the 
first  derivative,  Che  Chird  only  in  Che  second  derivative,  and  Che  fourth  has 
no  discontinuities  at  all.  All  four  of  the  transform  functions  g(v)  are  also 
seen  to  be  symmetric  about  the  shifted  origin  s  -  v-vQ  ■  0  and  to  take  on  the 
value  1  there;  but  they  are  seen  to  be  sharper,  and  to  fall  off  more  rapidly, 
with  increasing  s,  as  the  smoothness  of  P(t)  increases. 

This  last  conclusion,  though  here  based  on  only  the  four  examples  of 
Table  1,  can  be  accepted  as  a  general  one:  it  is  generally  understood  that 
"smooth"  functions  are  "easily"  represented  by  a  Fourier  expansion,  or, 
conversely,  that  functions  with  sharp  discontinuities  require  many  frequencies 
in  their  Fourier  representation.  If  this  is  true,  then  it  follows  from  (9) 
that  smooth  functions  P(t)  will  keep  their  shape  longest,  whereas  the 
initially  non-smooth  or  discontinuous  ones  —  the  ones  near  the  top  of  figure 
1  —  will  spread  more  rapidly.  (In  detail,  this  argument  is  based  on  the 
observation  that  the  spreading  of  the  pulse  is  based  on  the  0s?  term  in  (9); 
if  g(v)  is  sharply  centered  about  b  -  0  and  falls  off  rapidly  from  there,  the 
contribution  of  the  s?  term  will  be  negligible  and  (9)  will,  except  for  the 
trivial  difference  between  t,  t* ,  and  t",  be  identical  with  the  initial  pulse 
shape  (2)). 

Two  conclusions  can  be  drawn  from  this.  First,  the  results  of  Sections 
III  and  IV,  which  apply  exactly  to  initially  Gaussian  pulses,  can  serve  as 

a 

limits  for  other  pulse  shapes:  for  a  non-Gausslan  pulse,  ratio  7(L)/t  of 
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width  at  point  L  to  initial  width  will  be  somewhat  larger  than  (17);  similarly 
the  "critical  distance"  L*  by  which  the  pulsewidth  Increases  by  a  factor  of 
1.41  will  be  somewhat  smaller  than  in  (21)  or  the  subsequent  example.  Second, 
to  the  extent  that  pulse  shapes  can  be  controlled  in  a  practical  fiber-optic 
system,  they  should  be  designed  to  be  as  nearly  Gaussian  as  possible,  or,  if 
it  is  not  possible,  should  be  smooth  rather  than  have  sharp  edges  or  corners. 

VI.  Summary 

We  have  considered  one  of  the  several  possible  mechanisms  that  contribute 
to  the  broadening  of  a  light  pulse  being  transmitted  along  an  optical  fiber. 
The  mechanism  is  related  to  the  finite  width  of  the  pulse,  which  Implies  a 
spectrum  of  frequency  components  (even  though  the  original  light  source  may  be 
monochromatic).  We  were  able  to  obtain  a  general  expression  (9)  for  the  pulse 
shape  at  any  point  L,  evaluate  it  in  closed  form  for  Gaussian  pulses  (Eqs. 

(17)  and  (19))  and  establish  a  quantitative  relations  (21)  or  (25)  between 
initial  pulse  width,  physical  parameters  describing  the  fiber  material,  and 
transmission  distance  beyond  which  broadening  is  unacceptable.  For 
non-Gauss ian  initial  shapes,  we  showed  that  this  last  relationship  somewhat 
overestimates  that  maximum  distance. 

Two  of  our  analytical  results  may  seem  surprising  when  verbalized. 

First,  it  is  not  true  that  narrow  pulses  remain  comparatively  narrow,  and  wide 
ones  comparatively  wide.  Rather,  initially  narrow  ones  eventually  become 
wider  than  initially  wide  ones.  Second,  it  is  Impossible  to  simultaneously 
maximize  both  the  amount  of  information  transmitted  per  unit  time 
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and  the  distance  of  transmission:  naively,  one  might  expect  to  accomplish 
both  by  making  the  initial  pulse  as  narrow  as  possible,  but  this,  as  we  have 
seen,  in  fact  reduces  the  distance  in  which  unacceptable  broadening  is 
produced. 

The  effect  is  well  known  in  other  fields  of  physics  and  engineering,  and 
not  hard  to  treat  mathematically.  It  therefore  seems  puzzling  that  it  has, 
apparently,  not  been  considered  in  connection  with  fiber  optics.  One  reason 
may  be  the  comparative  smallness  of  the  effect:  One  (non-conclusive)  example 
suggests  that  the  effect  becomes  catastrophic  only  after  more  than  1000  km  of 
transmission  in  S10a  glass,  although  the  distances  may  be  smaller  for  halide 
glasses.  Today,  other  difficulties  preclude  transmission  over  distances  that 
large.  Nonetheless,  the  effect  may  become  important  in  the  future,  as 
transmission  over  very  long  distances  is  seriously  contemplated.  Furthermore, 
effects  that  are  dominant  today  may  be  comparatively  easy  to  eliminate: 
mechanism  1  of  our  Sec.  1  can  be  removed  by  using  single-mode  (i.e.  thin) 
fibers,  mechanism  2  by  using  monochromatic  light.  These  techniques  will 
not  affect  mechanism  3,  which  might  therefore  take  on  lncreeaslng 
Importance. 

I  should  like  to  thank  Drs.  E.  J .  Friebele,  G.  H.  Slgel,  H.  F.  Taylor, 
and  K.  L.  Bedford  for  helpful  discussions  of  various  aspects  of  this  problem. 
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7.  J.  W.  Fleming,  J.  Am.  Ceramic  Soc.  5£,  503  (1976),  Fig.  1. 

B.  J .  W.  Fleming,  personal  communication. 

9.  Handbook  of  Optics,  W.  G.  Driscoll,  editor  (New  York,  McGraw-Hill  1978) 
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FIGURE  CAPTION 


Figure  1.  Fourier  transforms  g(v)  of  signals  f(t)  ■  e  P(t)  for 

different  pulse  shapes  P(t).  All  P(t)  are  symmetric  about  the  origin;  for 
positive  tt  they  are  explicitly  as  follows. 


Square  P(t) 


*  O  Z  t 
2+ t 


Triangular  P(t) 


Quadratic  P(t) 


Gaussian  P(t) 


Z*- 


'  o 


o/-  t  Z  ^ 
<2r/a  Z  t  ^ 
'b^Z  t 


